We study the precise structure of Hilbert scheme Hilb G (C 3 ) of G-orbits in the space C 3 when the group G is a simple subgroup of SL(3, C) of either 60 or 168. These are the only possible non-abelian simple subgroups of SL(3, C).
It remains to compare the structures of their resolutions and ours.
1, Duality of the coinvariant algebra. The result of this section is more or less familiar to the specialists.
Complex reflection groups.
Let V be a finite dimensional complex vector space, V v the dual of V and M a finite subgroup of GL(V) generated by complex reflections of V. Here we mean by a complex reflection an automorphism of V of finite order which has exactly one eigenvalue distinct from 1. Let 5* be the symmetric algebra of V, and we identify it with the algebra of polynomial functions on V v . Following [Steinberg64] we define an algebra homomorphism D of 5 into the endomorphism ring End (5*) of 5* as follows. Let v, w € V^ and F e S*. Then we first define
(D v F)(w) = lim (F(w + tv) -F(w))/t and extend it as an algebra homomorphism of 5 into End (5*), in other words, we extend it to S by the conditions D s t := D s Dt, D s +t -D s + Dt for any s,t e S.
We also define the G-invariant inner product 
There exists P E S, unique up to constant multiples, such that (2a) P is skew, that is, g(P) = det(g)P for any g € M, (2b) ifP'eS is skew, then P divides P'.
We note that P is given in two different ways. Let Pi be the set of homogeneous generators of 5 and x* a basis of V v . First P is given as P = Jac(Pi, • • • ,P n ) := det(dPi/dxj).
Let S be the set of all reflections in G. For any g 6 S there is an element eg G V y unique up to constant multiples such that g(x) = x 4-fg{x)eg (Vx E V v ) for some / 5 € V. Then e g = 0 is a linear equation defining the reflection hyperplane in V of g. Then P = cflpeE^ ^ & ^0
T some nonzero constant c. This is the same as [Steinberg64, Theorem 1.4 (a)] though the notation looks slightly different.
The basic degrees (or characteristic degrees) of M are by definition the set of integers di := degP* (1 < i < n), which is known to be independent of the choice of the generators Pi. It is easy to see degP = ^^= 1 (di -1) = |S|.
The following follows from [Steinberg64] 1.5. Subgroups of complex reflection groups of index two. Let V be a finite dimensional complex vector space and G a finite subgroup of SL(y). Suppose that there is a finite subgroup M of GL(V) generated by complex reflections of V such that G = M fl SL(y) and [M : G] = 2. For instance any finite subgroup of SL(2,C) and the subgroups G12, Geo and Gies of SL(3, C) satisfy the conditions as we see later. We will see that the facts observed in [INakamura99, Section 11] are easily derived from [Steinberg64] in a more general situation, though these have been observed already in [GSV83] and [Kn6rrer85] .
Let S := S(V V ) be the symmetric algebra of V v over C, S = ®%L 0 Sk be the homogeneous decomposition of 5, 5+ := ©^Sfc. Let S G be the subalgebra of Ginvariants of 5, 5^ := S G fl 5+, n G := 55^ and S G := S/n G .
In This implies that SiCW')* contains a G-submodule dual to W with respect to /3, hence isomorphic to p by (1). This completes the proof. □ 1.8. Finite subgroups of SL(2,C). Let V be a vector space of two dimension. It is well known that for any any finite subgroup of SL(V) there is a finite complex reflection group M of GL(V) such that G = M fl SL(V) and [M : G] = 2. In fact, for G a cyclic group of order n, M is a dihedral group I(n) of order 2n. For a binary dihedral group G, M is a subgroup of GL(V) generated by G and a permutation matrix (1,2). For G a binary tetra-, octa-, or icosa-hedral group respectively, M is a complex reflection group with Shephard-Todd number 12, 13 and 22 respectively [ST54, p. 301] . In particular, M = /14 -G for G the binary octa-, or icosa-hedral group where /X4 is the subgroup of scalar matrices of fourth roots of unity. 
y.zYg where #* = p(flr)* is the pull back of functions on V by the automorphism g of V.
The action of G on V v via p v can be extended to S and hence to SG, since n is G-invariant. We denote this representation of G on SG by 5G(P V ). We note also that the action of G on 5 is the same as the one given in [YY93, p. 38], so we can apply their results for Geo and GiesWe use the same notation as above from now on. complex reflection group M. In fact, we choose as N a diagonal subgroup of GL(F) with diagonal coefficients ±1 and M the extension of iV by {l,r,r 2 }. Thus Section 1 can be applied for G and M. The basic degrees of M are equal to 2,3 and 4 so that degP = m = (2 -1) + (3 -1) + (4 -1) = 6 as we have seen in Section 1.
A trihedral group
2.3. Characters of G. Table 2 .1 is the character table of G, where the first (resp. the second, the third) line gives a representative of (resp. the age of, the number of elements in) each conjugacy class and <7i2 = diag(-1, -1,1). For G -G12, we have p = p^ and the character of p is given by xs-For each irreducible character Xk in Table 2 .1, we choose and fix an irreducible representation pk which affords Xk- n+m -fin -W2/4/3 2 +4/2/1 + 27/3 4 = 0
We note that the ring of M-invariant polynomials is generated by /2, /s, /4 and P = fs = (1/4) Jac(/2,/3,/4). The variety defined by the equation (2.2) is an irreducible singular variety C 3 /G with non-isolated singularities.
Let n be the ideal generated by these four polynomials and So = S/n the coinvariant algebra of G. Then SG is decomposed into irreducible components as in Let x, y, z be the standard coordinate of C 3 . The one-dimensional strata (cri2,0-23), (023,031), (031 > ^12) corresponds to torus orbit rational curves Ci, (72, C3. The fibre of ^ over the origin is the union of Ci. The curves Ci meet at a unique point where they intersect as three axes in the affine space C 3 . We also note that the fixed locus of the action of AT consists of three coordinate axes £ x : x = 0, £y : y = 0 and £ z : z = 0 where the action of N reduces to a cyclic group of order two, say Ai. This implies that the structure of Hilb Ar (C 3 ) over the coordinate axis is a P 1 -bundle. Let Di := %l;~l(£i) (i = x^y^z). The group G/N ~ Z/3Z permutes D x ,Dy and D z cyclically.
We write the chart of Hilb iV (C 3 ) corresponding to AQ as
where p = yz/x,q = zx/y,r = xy/z. The action of r turns out to be r*(p) = q, r* (q) = r, r* (r) = p. It follows that the fixed point locus of the (induced) action of r on Hilb iV (C 3 ) is £ : p = q = r, along which the action of r is A2. Therefore the structure of Hilb G! / Ar (Hilb JV '(C 3 )) over £ is a union of two P^bundles E U E2 meeting transversally along a section over £. In particular the fibre of (p, q, r) = (0,0,0) is the union of two rational curves mi,7712. G/N permutes the curves rii := Di D ^~1(0) (i = x,y,z), whence it yields a unique rational curve n on Hilb G / jV (Hilb iV (C 3 )). It follows that the fibre of ip over the origin is the union of three rational curves mi, 7712 and n. Taking it into account that the geometry about rrii and rij is G/iV-symmetric, the three rational curves meet at a unique point. By a calculation we see that they meet as three coordinate axes of C 3 at the intersection. We also see that the normal bundle of n in Hilb G/iV (Hilb iV (C 3 )) is On(-l) e2 . We also see that Table 3 .1 is the character table of G. The first (resp. the second, the third) line of Table 3 .1 gives a representative of (resp. the age of, the number of elements in) each conjugacy class. For each irreducible character Xk in Table 3 .1, we choose and fix an irreducible representation pk which affords Xk • We note that pk ~ pk for any k and p = p3 1 ~ p v . We also note that ps^^ {g) has an eigenvalue one for g belonging to any junior conjugacy class, whence by [IR96] , there is no compact irreducible divisor in the fibre of the Hilbert-Chow morphism over the origin. See Corollary 3.6. Let n be the ideal generated by these four polynomials and So = S/n the coinvariant algebra of G. We can apply Section 1 to H3 and G. Let 5^ be the homogeneous component of SQ of degree d. Then Sd is decomposed into irreducible components as in Table 3 In view of Theorem 1.6 (3), we only need to calculate SiSd up to d = 7 to complete Diagram GQQ. 
The coinvariant algebra of Geo

LEMMA 3.3. Let I be a G-invariant ideal of S containing n with S/I ^ C[G] as G-modules. Then h C J C h, where h cmd It are the ideals of S containing n such that
d=7
Proof Let / be an ideal satisfying the conditions in the lemma and put / = J/n. Hence we can apply Section 1 to G. We choose /? as a primitive 7-th root of unity to define a conjugacy class to be junior or senior in Table 4 .1. For each irreducible character Xk in Table 4 .1, we choose and fix an irreducible representation pk which affords Xk, in particular /^ = /o v and P3 2 = p . We note p3 1 ~ P3 2 . There is a unique junior conjugacy class with all eigenvalues of P3 1 distinct from one. Hence by [IR96] , there is a unique compact irreducible divisor in the fibre of the Hilbert-Chow morphism over the origin. See Corollary 4.6. (C  3 ) is a closed immersion, in other words, (ii') (j) is an injection and for any t G T the Kodaira-Spencer map of 0 is a monomorphism of the tangent space Tt(T) of T at t into the subspace Horns (//n, 5//) of Horns (7,5//) where / is the unique ideal of S such that the fibre of Z over t is Spec S/I.
In fact, (ii') is easy to check by the construction of Z below.
For the purpose let U = P 2 \ {po} and we first define a G-invariant ideal lu on [j] . Two double circles in Diagram des mean that the multiplicities of ps in 57 and S14 are equal to two. We note that Diagram Geo is symmetric with center at degrees 7 and 8 because pk -Pk for any irreducible representation p^. However Diagram Gies loses apparent symmetry with center at degrees 10 and 11 because P3i ^P3 2 . 
